
Journal of Molecular Spectroscopy210,157–165 (2001)
doi:10.1006/jmsp.2001.8446, available online at http://www.idealibrary.com on

SPECIAL REVIEW LECTURE

Quantum Level Structures and Nonlinear Classical Dynamics

M. S. Child

Physical and Theoretical Chemistry Laboratory, South Parks Road, Oxford OX3 1QZ, United Kingdom

E-mail: mark.child@chem.ox.ac.uk

Received July 2, 2001; in revised form September 6, 2001

The classical structure underlying the quantum mechanics of molecular vibrations is illustrated by reference to changes in
vibrational energy distributions induced by increased anharmonic coupling as the energy increases. Specific applications to
Fermi resonance models and to the level structures arising from cylindrically symmetrical saddle points are used to illustrate the
relevance of classical bifurcation analysis, catastrophe theory, and quantum monodromy.C© 2001 Elsevier Science

r
l

,
n

e

y
e

i
i

a

l

in
is ac-
en-
tems
as

d-

or-

ics
sur-

ent

s-
ial
an-

es
am-
lly,

an-
by
I. INTRODUCTION

Now that it is possible to measure (1, 2) or calculate (1, 3, 4)
hundreds of highly excited molecular vibrational states fo
given system, far from the normal mode regime, there is a c
need for some interpretive structure. Fortunately there are m
cases in which the eigenvalues fall into polyads (1, 2, 5–7), but
there can also be subdivisions within a polyad. For example
local mode polyads of H2O divide into an upper energy regio
where the eigenvalues are roughly equally spaced and a lowe
ergy one containing close-lying local mode doublets (8, 9). It is
difficult to specify such divisions objectively, by purely quantu
mechanical techniques, except by plotting wavefunctions (1, 4),
because the eigenvectors in any convenient basis are too he
mixed to allow easy assignment. The purpose of this pap
to offer an alternative interpretive approach, via the corresp
dence with classical mechanics (10), which has a more sharpl
defined analytical structure than quantum mechanics. Ther
of course well-known connections between the shapes of c
sical trajectories and those of the corresponding wavefunct
(1, 7, 8), but these are not amenable to experimental verificat
Our prime focus is on the classical origin of observable chan
in the vibrational eigenvalue distributions.

Returning to the relatively familiar local mode context (11), the
above division of the eigenvalues into “normal” (roughly equa
spaced) and “local” (doubled eigenvalue) groups is associ
with a bifurcation of the classical phase space into two parts,
occupied by “normal trajectories,” with the same symmetry
the potential energy function, and the other by two or more c
sically degenerate “local mode” trajectories oscillating arou
the directions of the individual bonds in the molecule. The po
of the paper is that this is not an isolated phenomenon,
Section 2 below illustrates, behavior qualitatively similar b
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havior, with a richer topology, at a Fermi resonance—similar
the sense that each bifurcation of the classical phase space
companied by a corresponding bifurcation of the quantum eig
value spectrum. Such changes are easy to recognize in sys
involving a single resonance, but the effect is quite general—
illustrated by a recent study of the relatively complex ben
ing vibrational dynamics of acetylene (5). The main purpose of
Section 2 is to demonstrate the practical significance of imp
tant papers by Li, Xiao, and Kellman (6, 7).

A second interesting complication of the vibrational dynam
arises from the presence of a saddle point on the potential
face, such as the barrier to linearity in H2O or to internal rotation
in HCP. There is a considerable literature from the 1960’s on b
to linear vibrational structures—see in particular Dixon (12) and
Johns (13)—but the generality of the vibrational structures a
sociated with systems having cylindrically symmetric potent
barriers has only recently been recognized under the term ‘qu
tum monodromy’ (14). Again the quantum eigenvalue structur
can be directly related to abrupt changes in the classical dyn
ics, and the associated theory is outlined in Section 3. Fina
Section 4 of the paper summarizes the main conclusions.

II. FERMI RESONANCE DYNAMICS

The influence of classical phase space bifurcations on qu
tum eigenvalue distributions is conveniently demonstrated
reference to the standard Fermi resonance Hamiltonian

H = ω1

(
v1+ 1

2

)
+ ω2

(
v2+ 1

2

)
+
∑
i< j

xi j

(
vi + 1

2

)

×
(
v j + 1

2

)
+ k122

(
â†1â2

2 + â1â†22

)
. [1]
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It is assumed thatω1 ' 2ω2 and thatxi j andk122 are small com-
pared with theωi . Conservation of the polyad quantum numb

np = 2v1+ v2 [2]

means that interest can be focussed on the classical o
of changes in the intra-polyad eigenvalue splittings from o
polyad to the next.

Equation [1] has a valuable role for the fitting and interp
tation of observed spectra (1, 15), but our quite different aim
is to demonstrate the existence of quite sharp changes in
vibrational eigenvalue distributions, that are intimately rela
to changes in the underlying classical dynamics. The follow
sections illustrate the significance of a so-called classical bi
cation (16) by reference to classical trajectory plots, Poincae
surfaces of sections, and changes in the nature of classica
riodic orbits. Further extensions, due to Li, Xiao, and Kellm
(6, 7), use the techniques of catastrophe theory (17) to provide
an generic overview of the influence of the parameter choice
Eq. [1] on the eigenvalue distribution of any 2 : 1 Fermi reson
system.

II.1. Classical Phase Space Bifurcations and Quantum
Eigenvalue Patterns

A classical equivalent of the Hamiltonian in Eq. [1] may b
obtained by the substitutions

vi + 1

2
= 1

2

(
p2

i + q2
i

)
, [3]

âi = 1√
2

(qi − i pi ), â†i =
1√
2

(qi + i pi ), [4]

so that

â†1â2
2 + â1â†22 =

1√
2

[
q1
(
q2

2 − p2
2

)+ 2p1 p2q2
]
. [5]

It is also convenient for presentational purposes to introduce
variables

(x, px) = (q1, p1), (y, py) = (γq2, p2/γ ), [6]

whereγ = √ω1/ω2, in order to give the kinetic energy a com
mon coefficient ofp2

x and p2
y, in which case the classical tra

jectories may be visualized as a ball rolling in (x, y) space. The
so-called canonical nature (18) of the (y, py) scaling in Eq. [6]
ensures that Hamilton’s equations (18) apply in the (x, px, y, py)
system.

Three classical trajectories of the resulting Hamiltonian
shown in the upper panels of Fig. 1, using parameter values
rived from the spectrum of CHCl3 (19). The outer boundaries
C© 2001 Elsev
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FIG. 1. (a)–(c) Classical trajectories and (d), (e) Poincar´e sections for the
Fermi resonance model in CHCl3 (19). The outer boundaries in the upper plo
are potential energy contours. Heavy solid lines are classical periodic o
The netlike figures are individual trajectories. Separate rings of dots in the l
Poincaré section were each generated by different trajectories.

in Figs. 1a–1c indicate the potential energy contours, the
like patterns are individual classical trajectories, and the he
solid lines are simple periodic orbits of the motion, which r
indefinitely to and fro along the same path. The first point
notice is that Fig. 1a, atE = 2ω1, shows just two simple peri
odic orbits, whereas the higher energy plots in Figs. 1b an
contain three. Second, the shape of the trajectory in Fig. 1
dictated by the shapes of the two periodic orbits, in the se
that the caustic corners, at which the trajectory touches the
tential contour, lie in the four quadrants between these or
The trajectory in Fig. 1b is similar in shape, whereas the on
Fig. 1c is clearly guided by the new horse-shoe shaped or “F
resonance” periodic orbit.

The appearance of new periodic orbits, resulting in the
existence of different trajectory types at a given energy, is
signature of a classical bifurcation (16). Another view is pro-
vided by the Poincar´e sections in Figs. 1d and 1e, which a
constructed by plotting values ofy and py whenever the tra-
jectory crosses a given linex = constwith px > 0. The central
point in each diagram is the Poincar´e image of the horizontal
symmetry-determined, periodic orbit in Figs. 1a–1c, which n
essarily cuts any linex = constwith y = py = 0. The seven
rings around this central point in Fig. 1d are Poincar´e maps of
seven different trajectories, all broadly similar in shape to
one in Fig. 1a. The pattern in Fig. 1e is quite different, beca
the map is now divided into two regions—an outer one occup
by trajectories of the form in Fig. 1b and an inner one occup
by those similar to the one in Fig. 1c. The origin of this impo
tant difference is that the symmetry-determined periodic o
has changed its character betweenE = 2ω1 and E = 6ω1. It
is stable to small perturbations in Fig. 1a, causing neighbo
ier Science
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trajectory intersections to circle around it in Fig. 1d, but it has
come unstable atE = 6ω1, causing neighboring points to mov
away from the center of Fig. 1e.

Interested readers may wish to refer to the known quant
tion procedures (10, 20) for relating the energies of particula
classical trajectories to the quantum mechanical eigenvalue
addition the well-known influence of periodic orbits in guidin
the shapes of Fermiresonant wavefunctions (7) may be noted.
There is also a considerable literature (21–23) on periodic orbit
related wavefunctions of classically chaotic systems. It is, h
ever, sufficient for the present discussion of eigenvalue patt
to note that stable and unstable periodic orbits act in effec
potential wells and potential barriers to motions transverse to
periodic orbit motion. The quantum level separations associ
with (narrow) trajectories close to a stable orbit will therefo
be governed by the classical frequency of this transverse
tion; and one can expect a “Dixon dip” (12) in the level sepa-
rations associated with trajectories close to an unstable peri
orbit (24).

These qualitative expectations are precisely fulfilled by
change in polyad splitting patterns shown for the CHCl3 model
(19) in Fig. 2 (25). The eigenstates are conveniently labeled
the polyad quantum numbernp, given by Eq. [2], and a counting
numbern along the polyad. For ease of comparison with oth
systems, Fig. 2 shows thenp dependence of the polyad splittin

FIG. 2. The polyad splitting pattern for the Fermi resonance model
CHCl3. Heavy solid lines are the energies of quantized stable classical
odic orbits, with actions equivalent to the polyad quantum number. The da
line is the corresponding energy of the unstable periodic orbit associated
the central pattern in Fig 1e.
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parameter

1(n, np) = [E(n, np)− E0(np)]/ω1, [7]

where

E0(np) = 1

4
(ω1+ 2ω2)

(
np + 3

2

)

+ 1

16
(x11+ 2x12+ 4x22)

(
np + 3

2

)2

. [8]

A bifurcation of the quantum eigenvalue distribution atnp ' 10
is clearly apparent from the sudden onset of a set of relative
closely spaced higher energy eigenvalues in each polyad. T
underlying classical origin is indicated by the heavy continuou
and dashed lines, which show the reduced energies of the sta
and unstable periodic orbits with classical actions1

2π

∫
p · dq

equal to (np + 1)h. The closely spaced upper eigenvalues i
each polyad are associated with horseshoe-shaped trajecto
like the one in Fig. 1c, whose Poincar´e images lie inside the
“resonance zone” in Fig. 1e, while the more widely spaced e
ergy levels belong to trajectories like the one in Fig. 1d, whic
lies outside the resonance zone. It should also be noted that
lower continuous curve lies systematically below the energy
the lowest eigenvalue, by an amount roughly equal to half t
local eigenvalue separation, because the energy of the quant
periodic orbit must be corrected for the zero-point energy of th
transverse vibrational motion. A similar correction also applie
at the high energy end of each polyad, except that the zero-p
energy is subtracted from the energy of the quantized perio
orbit. The reason for this difference is discussed below.

II.2. The Fermi Resonance Catastrophe Map

Xiao and Kellman (7) have taken the classical discussion fur
ther by transforming the classical Hamiltonian to angle-actio
variables (10, 18) and exploiting the conservation ofnp. In out-
line, the angle-action transformation takes the form

vi + 1

2
= Ii , [9]

âi =
√

Ii e
−iφi, â†i =

√
Ii e

iφi, [10]

whereφi is the angle variable conjugate to the actionIi . Further
transformations

I1 = I + J, I2 = 2(I − J), [11]

θ = φ1+ 2φ2 ψ = φ1− 2φ2 [12]

cast the Hamiltonian into the form

H = H0(I )+ H ′(J, ψ ; I ), [13]
ier Science
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where

H0(I ) = (ω1+ 2ω2)I + (x11+ 2x12+ 4x22)I
2 [14]

and

H ′(J, ψ ; I ) = 2γ2I 2

[
β

(
J

I

)
+ 1

2

(
J

I

)2

[15]

+µ
(

1+ J

I

)1/2(
1− J

I

)
cosψ

]
.

Other notations are

β = ω1− 2ω2+ 2(x11− 4x22)I

2γ2I
, [16]

µ = k122

2γ2

√
I
, [17]

and

γ2 = x11+ 4x22− 2x12. [18]

The important points to note are as follows:

• The anglesθ andψ are conjugate toI andJ, respectively.
• H is independent ofθ , which means thatI , which actually

equalsnp/4, is a constant of the motion. The advantage for
classical theory is that the transformation to (I , θ, J, ψ) reduces
the number of active degrees of freedom from 4 to 2. In particu
the determination of classical periodic orbits reduces to find
fixed points ofH ′(J, ψ ; I ), at which

∂H ′

∂ J
= ∂H ′

∂ψ
= 0. [19]

• The stability of a given fixed point depends on the He
sian determinant, deth, of the matrix of second derivatives o
H ′(J, ψ ; I ); the corresponding periodic orbit is stable or u
stable according to whether deth is positive or negative (16).
Moreover the zero-point energies for motions transverse to
ble periodic orbits are given by± h-

2

√
deth, where the sign de-

pends on whether the eigenvalues of the Hessian matrixh are
both positive or both negative (9) (their product is of course
equal to deth which is positive at the stable points). These co
siderations explain why the eigenvalues, represented by poin
Fig. 2, lie between the energies of the quantized periodic orb
represented by continuous lines.
• The organization of the roots of Eq. [19] depend on tw

parametersβ, which is a measure of the detuning of the sy
tem andµ, which is a scaled coupling strength. Consequen
the bifurcation behavior of all Fermi resonant systems can
displayed in the two parameter (β,µ) plane. Moreover theI
C© 2001 Elsevi
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dependence ofβ andµ means that changes from one polyad
another for a given system lie on a parabola in this plane.

Xiao and Kellman (7) provide interesting geometrical insigh
by substitutingJ/I = cosα, which casts the motion onto th
surface of a “polyad sphere” with spherical polar anglesα and
ψ . Space precludes following the details here, but the ups
is that two types of stationary point are found. The first, wh
lies at the north pole,α= 0, whereI = J, corresponds to the
symmetry determined horizontal stretching orbit in Figs. 1
1c, because Eq. [11] shows that the bending actionI2= 0 at
this point. It is found to change from stable to unstable on
lines

β + 1± 2
√

2µ = 0 [20]

in the (β,µ) plane, and a new stable fixed point appears, c
responding to the horseshoe orbit in Fig. 1c. The second
of stationary point lies atψ = 0 orπ , with α given by a cubic
expression in cosα/2. Two situations apply, since the real cub
equation can have either one or three real roots. One of t
fixed points, which corresponds to the near vertical bent o
in Figs. 1a and 1b, is always found to be stable. The sec
pair, one of which is stable and the other unstable, appear
so-called “saddle node” bifurcation (16), on particular lines in
the (β,µ) plane;
• The complete bifurcation diagram shown in Fig. 3 is som

times called a “catastrophe map” because the topology of the
alescence stationary points of algebraic polynomials is the re
of catastrophe theory (17). Our present use of this diagram is
predict and interpret changing patterns in the eigenvalue di
butions of Fermi resonant systems, by following the paths tra
out as the polyad quantum number increases. For example
filled circles marked CHCl3 correspond to successive polya
shown in Fig. 2. The path starts in region I, where there
two fixed points ofH ′(J, φ; I ), corresponding to the two sta
ble periodic orbits in Fig. 1a and passage into region II lead
instability at the north pole and the birth of a new fixed poi
corresponding to the horseshoe periodic orbit in Fig. 1c. T
associated bifurcation of the polyad splitting pattern in Fig
has already been discussed.

A second example of such polyad splittings is provided b
parameter fit to the CHD3 spectrum (26), except that the sign
µ has been reversed for illustrative purposes in Fig. 3. The p
in the (β,µ) plane again starts in region I but now passes throu
regions II and III to reach region IV. Corresponding changes
the polyad splitting pattern are shown in Fig. 4, where (as
Fig. 2) solid and dashed lines show the energies of stable
unstable periodic orbits as a function of their classical actio
Vertical lines mark the passage from one region of Fig. 3 (25) to
the next. Again it is clear that the energies of the quantized p
odic orbits are intimately connected with changes in the pol
eigenvalue splitting patterns. Thus the passage from region
er Science
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FIG. 3. The Xiao–Kellman catastrophe map for the Hamiltonian in Eq. [
The axis labelsµ andβ are the combinations of parameters given by equati
[16] and [17]. Dots signify (µ, β) combinations for successive polyads of mod
CHCl3 to the right and CHD3 to the left. The lines signify bifurcations on passin
from region to another, with the fixed points in different regions being speci
as follows: I (two stable), II (two stable, one unstable), III (three stable,
unstable), IV (two stable).

FIG. 4. The polyad splitting pattern for the Fermi resonance model
CHD3. Heavy solid lines are the energies of quantized stable classical
odic orbits, with actions equivalent to the polyad quantum number. Reg
I–IV are the regions in Fig. 3.
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region II is accompanied by a division of the eigenvalue splitti
pattern similar to that in Fig. 2. The transition to region III se
the north pole (pure stretching orbit) revert to stability, with t
birth of a new unstable orbit. Finally this new orbit annihilat
with what is predominantly a pure bending orbit at a reve
saddle node bifurcation at the boundary between regions
and IV.

III. BENT-TO-LINEAR LEVEL STRUCTURES
AND QUANTUM MONODROMY

New insights into generic eigenvalue distributions at cylind
cally symmetric quadratic maxima have been collected un
the term “quantum monodromy” (14). The prototype is the two-
dimensional champagne bottle model (27), with the Hamiltonian

H = − h- 2

2m

{
1

r

∂

∂r

(
r
∂

∂r

)
− 1

r 2

∂2

∂φ2

}
− ar2+ br4. [21]

Models of this type were widely studied in the 1960’s in the co
text of bent-to-linear transitions in molecules such as H2O. Johns
(13), for example, established the connection between the b
and linear molecule quantum numbers,|vbent

2 K 〉 and |vlinear
2 l 〉;

but it is less often realized that the algebraic relationsl = K and
vlinear

2 = 2vbent
2 + l between the two sets imply that both de

ignations are equally valid for any particular energy state.
addition Dixon (12) drew attention to the presence of a sha
dip in the localK = 0 vibrational energy spacing at the barri
to linearity, which is smoothed away asK increases. It has only
recently become apparent, however, that Dixon’s observat
imply a form of dislocation in the quantum eigenvalue distrib
tion that is generic to all systems with a cylindrically symmetr
barrier—a phenomenon known as “quantum monodromy.”

Figure 5 illustrates a typical quantum eigenvalue lattice
the champagne bottle in (k, E) space, wherek is the signed
value ofK . Solid lines join points with common bent vibrationa
labelsvbent

2 and dashed lines those with common values ofvlinear
2 .

The generic feature is that the smooth roughly quadratic cur
showing the rotational energy dependence of low-lyingvbent

2
states go over abruptly to sharply kinked curves at energies ab
the barrier. Similarly the smooth dashed curves in the upper
of the diagram go over to kinked ones at energies below
barrier.

The classical interpretation of this characteristic energy le
pattern relies on interpreting the solid curves in Fig. 5 as c
tours of a continuous classical energy function, or Hamiltoni
H̃ [(vbent+ 1

2)h-, kh-], at given values ofvbent. We write H̃ rather
than H becauseH̃ [(vbent+ 1

2)h-, kh-] is the angle-action trans-
form of the Hamiltonian in Eq. [21], dependent, via the corr
spondence principle (10), only on the actions

Ir =
(
vbent+ 1

2

)
h- and Iφ = kh-. [22]
ier Science
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FIG. 5. Quantum states of the champagne bottle Hamiltonian, organ
by the signed angular momentum,k, and the energy,E. Solid and dashed lines
join points of constantvbent andvlinear= 2vbent+ |k| respectively. Note, in
the limit k→ 0, that the solid lines have zero derivative with respect tok at
E < 0 but become sharply kinked forE > 0, while the opposite is true for th
dashed lines.

It follows that the slopes of the solid lines in Fig. 5 are rela
to the precessional rates of the classical trajectories, bec
according to Hamilton’s equations (18)

ωφ = dφ

dt
=
(
∂ H̃

∂ Iφ

)
vbent

= 1

h-

(
∂ H̃

∂k

)
vbent

. [23]

Now both the angular and radial frequencies,ωφ andωr , are
constants for any trajectory, so thatωφ may be evaluated a
ωφ = ωr (1φ/2π ), where1φ is the angular change over on
cycle of the radial motion. In other words, the slopes of so
lines in Fig. 1 may be expressed as

(
∂ H̃

∂k

)
vbent

= h-ωr

2π
1φ, [24]

which means that the discontinuous change in the limiting sl
at k = 0, on crossing fromE< 0 to E> 0, may be associate
with the discontinuous change in the nature of the associ
classical trajectory shown in Fig. 6. The negative energy tra
tory precesses in a counter-clockwise sense at a rate depe
on the angular momentumk; thus it is easy to see that the a
gle change1φ over one vibrational period falls to zero in th
limit k= 0. On the other hand positive energy trajectories w
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positive and negativek pass above and below the central poi
respectively, and the trajectory over one cycle of the radial m
tion draws out a diameter of the bounding circle in the lim
k→ 0; hence the angle change1φ = ±π for all positive-energy,
zero-angular momentum trajectories, with the upper or low
sign taken for the limitk→ 0+ or k→ 0−, respectively.

Notice that this classical interpretation focuses only on
presence of the cylindrically symmetric barrier. The shape of
potential function elsewhere affects the vibrational frequen
but it cannot induce additional precessional effects in the li
k= 0. Zero angular momentum trajectories at subbarrier en
gies will always be reflected back along their paths with1φ= 0,
while those with energies above the barrier will experience li
iting angle changes of1φ = ±π ask→ 0± during one cycle of
the variable governing the shape of the barrier.

Figure 7 shows how knowledge of the generic behavior of su
systems can be used to assist the assignment and interpre
of the computed (0v2 0) vibrational states of H2O (14). The com-
puted data were taken from Partridge and Schwenke (3), using
rotational energies of theJJ0 states; thuska = ±J. Asymme-
try splittings between differentKc components are negligibly
small on the scale of the diagram. Despite possible couplin
the stretching vibrational modes, the characteristic monodro
pattern is clearly apparent in Fig. 7. It is therefore evident, fro
the location of the first kinked curve, that the energy of the bar
to linearity lies at roughly 11 000 cm−1, after correction for zero-
point vibrational motion. Moreover the existence of the doub
grid, with lines of constantvbent

2 (solid) andvlinear
2 (dashed), al-

lows confident reassignment with respect tov2 of points with
superimposed crosses. Similar plots are reported elsewhere14)
for bending progressions with other states of excitation in
stretching modes.

Figure 8 confirms that the same qualitative abrupt reorgan
tion of the eigenvalue pattern for the spherical pendulum mo

H = 1

2I
J2+ B cosθ, [25]

FIG. 6. Classical trajectories for the champagne bottle Hamiltonian, dra
for positive angular momentum,k. Note that the angular change1φ over one
cycle of the radial motion tends to zero ask→ 0 at negative energies, but toπ
at positive energies.
vier Science
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FIG. 7. Quantum monodromy plot of the bending (0v20) progression of
H2O taken from the data of Partridge and Schwenke (3). Rotational energies ar
for JJ0; henceka = ±J. The solid circles, which are joined by solid and dash
lines, display the monodromic pattern illustrated in Fig. 5. Those with supe
posed crosses have been reassigned with respect tov2, keepingk constant.

FIG. 8. Quantum monodromy in the spectrum of the spherical pendu
Hamiltonian. Points are labeled upward from zero in each column by a qua
numbervθ . Solid lines join those with commonvlinear= 2vθ + |m|, while the
dashed lines join those with commonj = vθ + |m|.
C© 2001 Elsev
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which is applicable to the pendular states of dipolar specie
strong electric fields and to the bending/rotational motions
HCP (28, 29). The magnetic quantum number is now deno
by m and solid curves join points with common values of t
degenerate oscillator quantum number, analogous to the p
ousvlinear. The dashed curves are labelled by common value
the total angular momentum quantum numberj = vlinear− |m|.
The relevance of this diagram to drastic changes in the spe
scopic rotational-vibrational parameters of HCP, as signat
of bond-breaking internal rotation, are discussed elsewhere28).

Finally a word about the origin of the term “quantum mo
odromy.” As shown elsewhere (14), the presence of an appa
ent dislocation in the lattices of quantum eigenvalues show
Figs. 5–7 causes any unit cell of the lattice to change its sha
it is smoothly transported around the critical point at the ene
of the barrier maximum. The term monodromy, meaningonce
round, comes from the classical mechanical literature (30, 31),
where corresponding changes in the classical action lattice
seen as topological obstructions to construction of a smooth
tem of angle-action variables. A closely related aspect, wh
unifies the quantum and classical pictures, is that the Bo
Sommerfeld quantization integral (10)

vbent
2 (k, E)+ 1

2
= 1

h

∮
p(E, k; r ) dr [26]

is a nonanalytic function ofk andE, with a logarithmic branch
point atk = E = 0 (14). Distortion of the unit cell during trans
port of a unit cell of the quantum lattice around the critical cen
point may therefore be attributed to passage from one Riem
sheet (32) to another, at a branch cut emanating from the c
cal point. These mathematical details are perhaps irrelevan
typical spectroscopic context, but it is desirable to have a t
to emphasize the generic aspect of the above eigenvalue
ganizations, and “quantum monodromy” was coined to fit
bill.

IV. DISCUSSION

The purpose of this article has been to illustrate how the di
butions of quantum mechanical eigenvalues reflect underl
changes in the classical dynamics of the system. Attention
restricted to relatively simple systems, with two active degree
freedom, but the aim was to demonstrate quite general phen
ena. For example, the idea that a classical bifurcation div
the classical phase space into two or more parts, each wit
own localized eigenvalue spectrum, is not limited to two degr
of freedom. Similar bifurcations must occur for all polyatom
species, as the energy increases towards the dissociation
although the situation may be further complicated by cla
cally chaotic effects arising from the Chirikov (33, 34) overlap
of different resonances. The reorganization of energy leve
a cylindrically symmetric barrier in two degrees of freedom
another type of gross change that seems, at least in the ca
ier Science
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H2O (14), to be relatively unaffected by the state of excitati
in other modes.

The discussion of Fermi resonance dynamics in Section 2
intended to provide an introduction to classical mechanical te
niques and classical lines of thought. The illustrations were
vided by parameter sets determined by the spectra of CH3

(19) and CHD3 (26), but the extrapolations to quite high polya
numbers should be taken to be illustrative rather than predic
in view of the possible onset of other resonances as the en
increases. It is, however, worth emphasizing the richness o
Fermi resonance dynamics in allowing not only simple bifur
tions analogous to the local mode bifurcations in symmetr
hydrides (11) but also “saddle node bifurcations” giving rise
the simultaneous appearance (or disappearance) of stabl
unstable pairs of periodic orbits, the occurrence of which
give rise to more complicated energy level splitting patter
such as that in Fig. 3. Such saddle node bifurcations have
been found in classical periodic orbit studies on realistic po
tial surfaces (1, 35). The beauty of the full model theory, due
Xiao and Kellman (7), is not only that their possible occurrenc
is embodied in the much simpler effective Hamiltonian mod
but also that their onset can be predicted in terms of the m
nitudes of the two parameter combinationsµ andβ given by
Eqs. [16] and [17].

The second part of the paper concerned so called “quan
monodromy” arising from reorganization of the quantum m
chanical energy levels at a cylindrically symmetrical sad
point, such as the barrier to linearity in H2O (14) or the barrier to
bond-breaking internal rotation in HCP (28), both of which in-
volve a transition between two different types of motion—eith
bent to linear motion (13, 12) in H2O or vibrational to rotationa
motion in HCP (28). The purpose was to demonstrate, first t
every eigenvalue of such systems can be labeled by two
possibly more) sets of quantum numbers, one for each of
possible limiting types of motion, creating a double grid, wh
may be of considerable value for the assignment of highly
cited quantum states. Moreover the resulting quantum lattic
energy and angular momentum space has a characteristic ty
dislocation at the energy and angular momentum of the bar
the observation of which immediately fixes the energy of the b
rier. The nature of the vibrational reorganization also has c
implications for rapid increases in spectroscopic vibration
rotational parameters as the energy rises towards the ba
maximum (28).

Since the illustrations above are limited to systems with t
degrees of freedom, it is natural to consider whether similar c
siderations apply to higher dimensional systems. One impor
consideration is that the dimensionality of the nonlinear dyna
ics problem depends not on the absolute dimensionality of
system, but on the number of anharmonic resonances in th
fective Hamiltonian (36). We have already seen for examp
that the two-dimensional Hamiltonian in Eq. [1] is reduced
the semiclassical transformation to the one-dimensional form
Eq. [15]. Much of the theory for interacting resonances rema
C© 2001 Elsev
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to be developed, but recent papers on interacting local mode
Fermi resonances in H2O (6, 37–41) may serve to indicate wha
can be done. In the first place the presence of two resonanc
a three-dimensional system implies the existence of a conse
polyad number

P = v1+ v2+ 1

2
vb, [27]

wherev1 andv2 are local stretching quantum numbers andvb

applies to the bend. Consequently classical Poincare surfa
such as those in Fig. 1, may be employed to analyze chang
the two-dimensional reduced classical dynamics asP increases.
The primary periodic orbits, emanating from the normal mod
play little part in organizing the spectrum, except in the lo
est polyads (39, 41), but subsequent bifurcations (38, 39) lead to
Poincaré sections that show a clear division into local mode, n
mal mode, and Fermi resonance regions atP= 8 (39), which
spans the energy range 25 000–27 500 cm−1. Analysis of the
wavefunctions confirms that all but 2 of the 47 states in thisP= 8
polyad fall into the above three categories. It should be no
however, that the Fermi resonance is fairly weak atP= 8, as
evidenced by the fact that the eigenvalues fall into only sligh
perturbed local mode polyads (40). The situation is, however
complicated atP= 16 due to the onset of widespread clas
cal chaos. Nevertheless a combined phase space analysis
wavefunctions and Poincar´e surfaces can still be used to assi
most of the individual eigenstates (41).

Turning to multi-dimensional aspects of the quantum mo
odromy, the qualitative eigenvalue pattern in Fig. 7 is known
persist for a variety ofv2 progressions with different stretchin
quantum numbers (14). However, careful numerical investiga
tions (1) and model calculations (28, 42, 43) for HCP indicate
quite drastic changes to the classical and quantum dynamic
approaching a saddle point on the potential surface, and sim
complications are anticipated close to and above the barrie
linearity in H2O. Further progress in the application of nonline
dynamics awaits the development of an effective Hamilton
model for the treatment of saddle point effects.
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