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The classical structure underlying the quantum mechanics of molecular vibrations is illustrated by reference to changes in
vibrational energy distributions induced by increased anharmonic coupling as the energy increases. Specific applications to
Fermi resonance models and to the level structures arising from cylindrically symmetrical saddle points are used to illustrate the
relevance of classical bifurcation analysis, catastrophe theory, and quantum monod&n1y Elsevier Science

I. INTRODUCTION havior, with a richer topology, at a Fermi resonance—similar in
the sense that each bifurcation of the classical phase space is
Now that it is possible to measurg, () or calculate {, 3,4 companied by a corresponding bifurcation of the quantum eigen
hundreds of highly excited molecular vibrational states for\alue spectrum. Such changes are easy to recognize in systel
given system, far from the normal mode regime, there is a cl@avolving a single resonance, but the effect is quite general—a
need for some interpretive structure. Fortunately there are malhystrated by a recent study of the relatively complex bend-
cases in which the eigenvalues fall into polyatisa, 5-7, but ing vibrational dynamics of acetyleng)( The main purpose of
there can also be subdivisions within a polyad. For example, tBection 2 is to demonstrate the practical significance of impor
local mode polyads of kD divide into an upper energy regiontant papers by Li, Xiao, and Kellmas (7).
where the eigenvalues are roughly equally spaced and alower esecond interesting complication of the vibrational dynamics
ergy one containing close-lying local mode doubl&s9j. Itis  arises from the presence of a saddle point on the potential su
difficult to specify such divisions objectively, by purely quantunfiace, such as the barrier to linearity in®lor to internal rotation
mechanical techniques, except by plotting wavefuncti@nd)( in HCP. Thereis a considerable literature from the 1960's on ber
because the eigenvectors in any convenient basis are too heawaljnear vibrational structures—see in particular Dixa8)@nd
mixed to allow easy assignment. The purpose of this paperJishns 13)—but the generality of the vibrational structures as-
to offer an alternative interpretive approach, via the correspaseciated with systems having cylindrically symmetric potential
dence with classical mechanic), which has a more sharply barriers has only recently been recognized under the term ‘qua
defined analytical structure than quantum mechanics. There @an& monodromy’ {4). Again the quantum eigenvalue structures
of course well-known connections between the shapes of claan be directly related to abrupt changes in the classical dynan
sical trajectories and those of the corresponding wavefunctidos, and the associated theory is outlined in Section 3. Finally
(1,7, 8, butthese are not amenable to experimental verificatiaBection 4 of the paper summarizes the main conclusions.
Our prime focus is on the classical origin of observable changes
in the vibrational eigenvalue distributions. II. FERMI RESONANCE DYNAMICS
Returning to the relatively familiar local mode conteki), the
above division of the eigenvalues into “normal” (roughly equally The influence of classical phase space bifurcations on quar
spaced) and “local” (doubled eigenvalue) groups is associated eigenvalue distributions is conveniently demonstrated by
with a bifurcation of the classical phase space into two parts, oregerence to the standard Fermi resonance Hamiltonian
occupied by “normal trajectories,” with the same symmetry as
the potential energy function, and th_e othgrbytw_o ormore clas- y — w1<v1 + }) + w2<v2 + }) + inj <Ui + })
sically degenerate “local mode” trajectories oscillating around 2 2 2
the directions of the individual bonds in the molecule. The point
of the paper is that this is not an isolateq p.henomer)on, and x (Uj + }) + klzz(a}ag + alaf)_ [1]
Section 2 below illustrates, behavior qualitatively similar be-
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Itis assumed thab; ~ 2w, and thai;; andki,, are small com- E=2mw
pared with they;. Conservation of the polyad quantum number @

1

Np = 2v1+v2 [2]

means that interest can be focussed on the classical orig
of changes in the intra-polyad eigenvalue splittings from ong
polyad to the next.

Equation [1] has a valuable role for the fitting and interpre-
tation of observed spectrd, (15, but our quite different aim
is to demonstrate the existence of quite sharp changes in t
vibrational eigenvalue distributions, that are intimately related
to changes in the underlying classical dynamics. The following
sections illustrate the significance of a so-called classical bifur
cation (L6) by reference to classical trajectory plots, Poiecar”
surfaces of sections, and changes in the nature of classical
riodic orbits. Further. extensions, due to Li, Xiao, and K.e”man FIG. 1. (a)—(c) Classical trajectories and (d), (e) Poilecsections for the
(6’ 7)’ us_e the te(_:hmques (_)f CataStrOphe thedﬁg (0 prowd_e Fermi resonance model in CH{J|19). The outer b(yjundaries in the upper plots
an generic overview of the influence of the parameter choices;ig potential energy contours. Heavy solid lines are classical periodic orbits
Eq. [1] on the eigenvalue distribution of any 2 : 1 Fermi resonamke netlike figures are individual trajectories. Separate rings of dots in the lowe

system. Poincag section were each generated by different trajectories.
IL1. Classical Pha§e Space Bifurcations and Quantum in Figs. 1a—1c indicate the potential energy contours, the ne
Eigenvalue Patterns like patterns are individual classical trajectories, and the heav
A classical equivalent of the Hamiltonian in Eq. [1] may b&0lid lines are simple periodic orbits of the motion, which run
obtained by the substitutions indefinitely to and fro along the same path. The first point to

notice is that Fig. 1a, d = 2w;, shows just two simple peri-
1 1 odic orbits, whereas the higher energy plots in Figs. 1b and 1
vi+ - = —(pi2 + qiz), [3] contain three. Second, the shape of the trajectory in Fig. 1a
2 2 dictated by the shapes of the two periodic orbits, in the sens
i(qi —ip), éif _ i(qi +ip), [4] that_the caustic corners, at which the trajectory touches the p
V2 V2 tential contour, lie in the four quadrants between these orbits
The trajectory in Fig. 1b is similar in shape, whereas the one i
so that Fig. 1cis clearly guided by the new horse-shoe shaped or “Fern
resonance” periodic orbit.
AtA2 s 1 2 9 The appearance of new periodic orbits, resulting in the co
885 + &) = ﬁ[ql(qZ = P2) +2p1pate]- 51 existence of different trajectory types at a given energy, is th
signature of a classical bifurcatiod). Another view is pro-
Itis also convenient for presentational purposes to introduce n¥ifj€d by the Poincar'sections in Figs. 1d and 1e, which are
variables constructed by plotting values gof and py, whenever the tra-
jectory crosses a given line= constwith py > 0. The central
point in each diagram is the Poinearhage of the horizontal,
(X Px) = (1, Pa), (¥, Py) = (G2, P2/7), [6]  symmetry-determined, periodic orbit in Figs. 1a—1c, which nec
essarily cuts any linex = constwith y = p, = 0. The seven
wherey = /w1/w,, in order to give the kinetic energy a com-ings around this central point in Fig. 1d are Poimcaraps of
mon coefficient ofp2 and pg, in which case the classical tra-seven different trajectories, all broadly similar in shape to the
jectories may be visualized as a ball rolling } {) space. The one in Fig. 1a. The pattern in Fig. 1le is quite different, becaus
so-called canonical natur&) of the (y, py) scaling in Eq. [6] the map is now divided into two regions—an outer one occupie
ensures that Hamilton’s equatiods) applyinthe &, px, y, py) by trajectories of the form in Fig. 1b and an inner one occupiec
system. by those similar to the one in Fig. 1c. The origin of this impor-
Three classical trajectories of the resulting Hamiltonian atant difference is that the symmetry-determined periodic orbi
shown in the upper panels of Fig. 1, using parameter values tias changed its character betwdenr= 2w; and E = 6w;. It
rived from the spectrum of CHEI(19). The outer boundaries is stable to small perturbations in Fig. 1a, causing neighborin
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trajectory intersectionsto circle arounditin Fig. 1d, but it has bearameter
come unstable & = 6w, causing neighboring points to move
away from the center of Fig. le. A(n, np) = [E(n, np) — Eo(np)]/wl, [7]
Interested readers may wish to refer to the known quantiza-
tion procedures1, 20 for relating the energies of particular,ypere
classical trajectories to the quantum mechanical eigenvalues. In
addition the well-known influence of periodic orbits in guiding 0 1 3
the shapes of Fermiresonant wavefunctiorjsnjay be noted. E"(np) = Z(wl + 2“’2)(”13 + 5)
There is also a considerable literatuPd{23 on periodic orbit
related wavefunctions of classically chaotic systems. Itis, how-
ever, sufficient for the present discussion of eigenvalue patterns
to note that stable and unstable periodic orbits act in effect as
potential wells and potential barriers to motions transverse to tAdifurcation of the quantum eigenvalue distributiomgt~ 10
periodic orbit motion. The quantum level separations associaisctlearly apparent from the sudden onset of a set of relativel;
with (narrow) trajectories close to a stable orbit will thereforelosely spaced higher energy eigenvalues in each polyad. Tt
be governed by the classical frequency of this transverse mumderlying classical origin is indicated by the heavy continuous
tion; and one can expect a “Dixon diplZ?) in the level sepa- and dashed lines, which show the reduced energies of the stak
rations associated with trajectories close to an unstable periodi unstable periodic orbits with classical actioj;r}sf p-dq
orbit (24). equal to (p + 1)h. The closely spaced upper eigenvalues in
These qualitative expectations are precisely fulfilled by theach polyad are associated with horseshoe-shaped trajector
change in polyad splitting patterns shown for the CH@bdel like the one in Fig. 1c, whose Poineaithages lie inside the
(19 in Fig. 2 (25). The eigenstates are conveniently labeled Byesonance zone” in Fig. 1e, while the more widely spaced en
the polyad quantum numbeyp, given by Eq. [2], and a counting ergy levels belong to trajectories like the one in Fig. 1d, which
numbem along the polyad. For ease of comparison with othdies outside the resonance zone. It should also be noted that tl
systems, Fig. 2 shows timg dependence of the polyad splittinglower continuous curve lies systematically below the energy o
the lowest eigenvalue, by an amount roughly equal to half the
local eigenvalue separation, because the energy of the quantiz
Polyad splitting for CHCI, periodic orbit must be corrected for the zero-point energy of the
transverse vibrational motion. A similar correction also applies
2 . . at the high energy end of each polyad, except that the zero-pir
energy is subtracted from the energy of the quantized periodi
orbit. The reason for this difference is discussed below.

—|—1(x + 2X —|—4x)n—|—32 [8]
16Vt 12 2)\Mp+5 ) -

I1.2. The Fermi Resonance Catastrophe Map

Xiao and Kellman 7) have taken the classical discussion fur-
ther by transforming the classical Hamiltonian to angle-actior
variables {0, 1§ and exploiting the conservation of. In out-
line, the angle-action transformation takes the form

Polyad splitting parameter

1
, v + 5= li, (9]
& =/lie'" &l =lie” [10]
3 whereg; is the angle variable conjugate to the actipri~urther
transformations

_4 L L
0 10 20 l1=14+3J, l,=2(1-J), [11]
Polyad quantum number 0 =dr+ 20y ¥ =1 — 2o [12]

FIG. 2. The polyad splitting pattern for the Fermi resonance model of
CHCI3. Heavy solid lines are the energies of quantized stable classical p%%st the Hamiltonian into the form
odic orbits, with actions equivalent to the polyad quantum number. The dashe
line is the corresponding energy of the unstable periodic orbit associated with

the central pattern in Fig 1e. H=H()+H'@J,v; 1), [13]
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where dependence @8 andu means that changes from one polyad to
another for a given system lie on a parabola in this plane.
HO(1) = (w1 + 2w2)| + (X11 + 2X12 + 4X20)1? [14] Xiao and Kellman 7) provide interesting geometrical insight
by substitutingJ /1 = cosw, which casts the motion onto the

and surface of a “polyad sphere” with spherical polar angleand
¥. Space precludes following the details here, but the upshc
J 1/3\? is that two types of stationary point are found. The first, which
H'(J,v;1) = 2217 [ﬂ(l_> + §<I_) lies at the north poley =0, wherel = J, corresponds to the
[15] symmetry determined horizontal stretching orbit in Figs. la-
I\ 12 J 1c, because Eq. [11] shows that the bending actjoa O at
~|—IL<1+ I—) <1— I_> COSI#} . this point. It is found to change from stable to unstable on the
lines
Other notations are
w1 — 2wz + 2(X11 — 4%20) | p1%2V2u=0 120]
Z)
K in the (8, 1) plane, and a new stable fixed point appears, cor
= 12 [17] responding to the horseshoe orbit in Fig. 1c. The second tyf
2y2v/1 of stationary point lies af{y = 0 or, with « given by a cubic
expression in cog/2. Two situations apply, since the real cubic
and equation can have either one or three real roots. One of the:
fixed points, which corresponds to the near vertical bent orbi
Y2 = X11 + 4Xz2 — 2X12. [18] in Figs. 1a and 1b, is always found to be stable. The secon
pair, one of which is stable and the other unstable, appear at
The important points to note are as follows: so-called “saddle node” bifurcatiori€), on particular lines in

the (8, 1) plane;

e The complete bifurcation diagram shown in Fig. 3 is some-
es called a “catastrophe map” because the topology of the ct
scence stationary points of algebraic polynomials is the reali
gﬁ catastrophe theoni¢). Our present use of this diagram is to
edict and interpret changing patterns in the eigenvalue distr
tions of Fermiresonant systems, by following the paths trace
out as the polyad quantum number increases. For example tl
GH  9H’ filled circles marked CHGlcorrespond to successive polyads
— = = [19] shown in Fig. 2. The path starts in region |, where there are

9J oy two fixed points ofH'(J, ¢; |), corresponding to the two sta-

o The stability of a given fixed point depends on the Hesb_Ie periodic orbits in Fig. 1a and passage into region Il leads t

sian determinant, dét of the matrix of second derivatives ofmstablllty at the north pole and the birth of a new fixed point,

H'(J, v: 1); the corresponding periodic orbit is stable or uncorrespondmg to the horseshoe periodic orbit in Fig. 1c. The

stable according to whether defs positive or negativel@). associated bifurcation of the polyad splitting pattern in Fig. 2

. . ) has already been discussed.
Moreover the zero-point energies for motions transverse to sta-

ble periodic orbits are given b#g«/deth, where the sign de- A second example of such polyad splittings is provided by &
pends on whether the eigenvalues of the Hessian mlatabe parameter fit to the CHPspectrum (26), except that the sign of
both positive or both negatived) (their product is of course u has been reversed for illustrative purposes in Fig. 3. The pat
equal to deh which is positive at the stable points). These conn the (8, 1) plane again starts in region | but now passes throug|
siderations explain why the eigenvalues, represented by pointsdgions Il and Il to reach region IV. Corresponding changes ir
Fig. 2, lie between the energies of the quantized periodic orbitse polyad splitting pattern are shown in Fig. 4, where (as ir
represented by continuous lines. Fig. 2) solid and dashed lines show the energies of stable ar
e The organization of the roots of Eqg. [19] depend on twonstable periodic orbits as a function of their classical actions
parameters3, which is a measure of the detuning of the sysvertical lines mark the passage from one region of Fi@5 (0
tem andu, which is a scaled coupling strength. Consequentthie next. Again it is clear that the energies of the quantized per
the bifurcation behavior of all Fermi resonant systems can bdic orbits are intimately connected with changes in the polya
displayed in the two parameteg,() plane. Moreover thé eigenvalue splitting patterns. Thus the passage from region | 1

e The angle® andy are conjugate tb andJ, respectively.

e Hisindependent of, which means that, which actually .
equalsny/4, is a constant of the motion. The advantage for ti%g
classical theory is that the transformation tod, J, ¥) reduces
the number of active degrees of freedom from 4 to 2. In particul
the determination of classical periodic orbits reduces to findi
fixed points ofH'(J, v; ), at which

© 2001 Elsevier Science
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: region Il is accompanied by a division of the eigenvalue splitting
pattern similar to that in Fig. 2. The transition to region Il sees
the north pole (pure stretching orbit) revert to stability, with the
birth of a new unstable orbit. Finally this new orbit annihilates
with what is predominantly a pure bending orbit at a reverse
saddle node bifurcation at the boundary between regions I
and IV.

III. BENT-TO-LINEAR LEVEL STRUCTURES
AND QUANTUM MONODROMY

New insights into generic eigenvalue distributions at cylindri-
cally symmetric quadratic maxima have been collected unde
the term “quantum monodromy14). The prototype is the two-
dimensional champagne bottle mod&f), with the Hamiltonian

2 2
H= n {18( 8) 19 }—ar2+br4. [21]

—_ R r_ —_—
2m|r ar \' or r2 92

-1 -0.5 0 0.5 1

Models of this type were widely studied in the 1960’s in the con-

FIG.3. The Xiao—Kellman catastrophe map for the Hamiltonian in Eq. [1ltext of bent-to-linear transitions in molecules such a@®Hohns
The axis labelg. and_ﬂ are the combipati(_)ns of parameters given by equatior(g_g), for example, established the connection between the ber
[16] and [17]. Dots signify &, 8) combinations for successive polyads of mode‘l.:md linear molecule guantum numbe|n$emK) and |U|2|near] );

CHCl3 to the rightand CHBR1to the left. The lines signify bifurcations on passing .. . .
from region to another, with the fixed points in different regions being specifieq: titis less often realized that the algebralc relatioask and

as follows: | (two stable), Il (two stable, one unstable), Iil (three stable, oi& " = ngem‘H between the two sets imply that both des-
unstable), IV (two stable). ignations are equally valid for any particular energy state. In

addition Dixon (2) drew attention to the presence of a sharp
dip in the localK = 0 vibrational energy spacing at the barrier
to linearity, which is smoothed away &sincreases. It has only
recently become apparent, however, that Dixon’s observation
imply a form of dislocation in the quantum eigenvalue distribu-
A tion that is generic to all systems with a cylindrically symmetric
: barrier—a phenomenon known as “quantum monodromy.”
Figure 5 illustrates a typical quantum eigenvalue lattice for
the champagne bottle irk,(E) space, wheré is the signed
value ofK . Solid lines join points with common bent vibrational

o elppocs s o o o o 0

of . . S . \i\\: : E . : ’
\ .l Ned s | labelsvi®"and dashed lines those with common valuegitF".
: \ "' L ¢ The generic feature is that the smooth roughly quadratic curve

showing the rotational energy dependence of low-lyig"

. states go over abruptly to sharply kinked curves at energies aboy
the barrier. Similarly the smooth dashed curves in the upper pa
1 of the diagram go over to kinked ones at energies below th
barrier.

The classical interpretation of this characteristic energy leve
pattern relies on interpreting the solid curves in Fig. 5 as con
| " " » tours of a continuous c!assical energy function, or Hamiltonian

H[(vPet 4 %)h kf{, at given values ob®®". We write H rather
2 ‘ . ' than H becauseH [(vPe" + %)h kf is the angle-action trans-
0 10 20 30 form of the Hamiltonian in Eqg. [21], dependent, via the corre-
Polyad quantum number . .
spondence principlel(), only on the actions

FIG. 4. The polyad splitting pattern for the Fermi resonance model of

CHDs. Heavy solid lines are the energies of quantized stable classical peri-

1
odic orbits, with actions equivalent to the polyad quantum number. Regions I, = <vbem+ —> h and I, =kh [22]
I-1V are the regions in Fig. 3. 2

Polyad splitting parameter

Region
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champagne bottle positive and negativk pass above and below the central point
respectively, and the trajectory over one cycle of the radial mo
10
O
s

- ey - tion draws out a diameter of the bounding circle in the limit
X\\\,\i&\g%f/ ;}jj/\ k — 0; hence the angle change = =+ for all positive-energy,

zero-angular momentum trajectories, with the upper or lowe
sign taken for the limik — 0, ork — O_, respectively.

Notice that this classical interpretation focuses only on the
presence of the cylindrically symmetric barrier. The shape of th
potential function elsewhere affects the vibrational frequency
but it cannot induce additional precessional effects in the limi
k =0. Zero angular momentum trajectories at subbarrier ene
gies will always be reflected back along their paths with= 0,
while those with energies above the barrier will experience lim-
iting angle changes ak¢ = +7 ask — 0. during one cycle of
the variable governing the shape of the barrier.

Figure 7 shows how knowledge of the generic behavior of sucl
systems can be used to assist the assignment and interpretat
ofthe computed (0, 0) vibrational states of }O (14). The com-
puted data were taken from Partridge and SchweBkaiéing

. . . rotational energies of thé;, states; thuk, = +£J. Asymme-
'10.40 .20 0 20 ‘ 40 try splittings between differenK. components are negligibly
k small on the scale of the diagram. Despite possible coupling t

FIG. 5. Quantum states of the champagne bottle Hamiltonian, organizgae Stret,Chmg vibrational m,Ode,S' the C_haraCtenStIC monOdroml
by the signed angular momentuky.and the energyE. Solid and dashed lines Patternis clearly apparentin Fig. 7. It is therefore evident, from
join points of constanbPeMtand vlinear— 2,ent k| respectively. Note, in  the location of the first kinked curve, that the energy of the barrie
the limit k — O, that the solid lines have zero derivative with respeck &t  tg linearity lies at roughly 11 000 cm, after correction for zero-

E < 0 but become sharply kinked fd > 0, while the opposite is true for the point vibrational motion. Moreover the existence of the double

dashed lines. grid, with lines of constantb®™ (solid) andvi"®®" (dashed), al-
. L lows confident reassignment with respecwjoof points with

It follows that the slopes of the solid lines in Fig. 5 are relategbperimposed crosses. Similar plots are reported elsewh@re (

to the precessional rates of the classical trajectories, becaja,onging progressions with other states of excitation in the
according to Hamilton’s equation&g&) stretching modes

Figure 8 confirms that the same qualitative abrupt reorganize

_dp aH 1 oH tion of the eigenvalue pattern for the spherical pendulum mode
wp=—=|— =—-|— . [23]
dt 3 IQ) pbent h 8k pbent
1
H = —-J%+ Bcosd 25
Now both the angular and radial frequencieg, and w;, are 2 + ’ [25]

constants for any trajectory, so tha} may be evaluated as

wy = o (A¢/21), where A¢ is the angular change over one

cycle of the radial motion. In other words, the slopes of solid E<0 E>0
lines in Fig. 1 may be expressed as

aH Ny
(W)vbent - EAQS’ [24] \

which means that the discontinuous change in the limiting slope
atk = 0, on crossing fronE < 0 to E > 0, may be associated ~—
with the discontinuous change in the nature of the associated
classical trajectory shown in Fig. 6. The negative energy trajec-
tory precesses in a counter-clockwise sense at a rate dependent

th | tukg th it i t that th FIG. 6. Classical trajectories for the champagne bottle Hamiltonian, drawn
on the angular momentu us It1s easy 10 see that the anfor positive angular momenturk, Note that the angular changep over one

Q'e_ changeA¢ over one vibrationa_l _periOd falls tQ zero-in th?cycle of the radial motion tends to zerolas> 0 at negative energies, but#o
limit k=0. On the other hand positive energy trajectories wit positive energies.

© 2001 Elsevier Science



SPECIAL REVIEW LECTURE 163

which is applicable to the pendular states of dipolar species i
strong electric fields and to the bending/rotational motions of
30000 HCP 28, 29. The magnetic quantum number is now denoted
‘ ' ‘ by m and solid curves join points with common values of the

° oﬁ#ﬁg#\* . S s TN .
ke N &1\\ y& CxViT)) / yf / ﬁg#@ggo degenerate oscillator quantum number, analogous to the pre\
?\ﬁ AR x\\.&\\g 9 f // f ousv', The dashed curves are labelled by common values o

\ hRSL / the total angular momentum quantum numper v'"ea" — |m|.

L FLA
N e
\ W \g\ﬁ? 94 ‘/ / The relevance of this diagram to drastic changes in the spectr
+ /g

Ov,0

20000

J/{% / 1 scopic rotational-vibrational parameters of HCP, as signature
- of bond-breaking internal rotation, are discussed elsewB&)e (

Finally a word about the origin of the term “quantum mon-
odromy.” As shown elsewherd 4), the presence of an appar-
ent dislocation in the lattices of quantum eigenvalues shown ir
Figs. 5-7 causes any unit cell of the lattice to change its shape
it is smoothly transported around the critical point at the energ)
of the barrier maximum. The term monodromy, mearninge
round comes from the classical mechanical literat.d@, 37,
where corresponding changes in the classical action lattice al
seen as topological obstructions to construction of a smooth sy:
40 tem of angle-action variables. A closely related aspect, whicl
unifies the quantum and classical pictures, is that the Bohr:
Sommerfeld quantization integral(@)

E(cm™)

10000

0
-40

FIG. 7. Quantum monodromy plot of the bendingv§0) progression of
H0O taken from the data of Partridge and SchwerdieRotational energies are
for Jj0; henceky = +J. The solid circles, which are joined by solid and dashed vgem(k, E) + } — E f p(E, k: r) dr [26]
lines, display the monodromic pattern illustrated in Fig. 5. Those with superim- 2 h
posed crosses have been reassigned with respegtiteepingk constant.

is a nonanalytic function df andE, with a logarithmic branch
pointatk = E = 0 (14). Distortion of the unit cell during trans-

) port of a unit cell of the quantum lattice around the critical central
spherical pendulum point may therefore be attributed to passage from one Rieman
sheet 82) to another, at a branch cut emanating from the criti-
cal point. These mathematical details are perhaps irrelevant in
typical spectroscopic context, but it is desirable to have a tern
to emphasize the generic aspect of the above eigenvalue rec
ganizations, and “quantum monodromy” was coined to fit the
bill.

IV. DISCUSSION

The purpose of this article has been to illustrate how the distri
butions of quantum mechanical eigenvalues reflect underlyin
changes in the classical dynamics of the system. Attention wa
restricted to relatively simple systems, with two active degrees o

E/B

N e freedom, but the aim was to demonstrate quite general phenon
e . ena. For example, the idea that a classical bifurcation divide
05 e b . . L
a the classical phase space into two or more parts, each with i
[ 4 »

own localized eigenvalue spectrum, is not limited to two degree:
of freedom. Similar bifurcations must occur for all polyatomic
0.5 y 0 5 Jo Species, as the energy increases towards the dissociation lim

m although the situation may be further complicated by classi-

FIG. 8. Quantum monodromy in the spectrum of the spherical pr—)ndulu%aIIy chaotic effects arising from the Chll’lkOB:{, 34 overlap

Hamiltonian. Points are labeled upward from zero in each column by aquant%dlﬁergnt resonance;. The reorganlzatlon of energy |eve|§ ¢
numbervs. Solid lines join those with commori™®a = 2y, + |m|, while the @ Cylindrically symmetric barrier in two degrees of freedom is

dashed lines join those with comm@r= vy + |m|. another type of gross change that seems, at least in the case

© 2001 Elsevier Science



164 SPECIAL REVIEW LECTURE

H,0 (14), to be relatively unaffected by the state of excitatioto be developed, but recent papers on interacting local mode al

in other modes. Fermi resonances ind® (6, 37—4) may serve to indicate what
The discussion of Fermi resonance dynamics in Section 2 we be done. In the first place the presence of two resonances

intended to provide an introduction to classical mechanical tecnthree-dimensional system implies the existence of a conserv:

nigues and classical lines of thought. The illustrations were proelyad number

vided by parameter sets determined by the spectra of €HCI

(19) and CHD; (26), but the extrapolations to quite high polyad 1

numbers should be taken to be illustrative rather than predictive, P =wv1+v2+ Sop, [27]

in view of the possible onset of other resonances as the energy

increases. It is, however, worth emphasizing the richness of thiberev; andv, are local stretching quantum numbers agd

Fermi resonance dynamics in allowing not only simple bifurcapplies to the bend. Consequently classical Poincare surface

tions analogous to the local mode bifurcations in symmetricalich as those in Fig. 1, may be employed to analyze changes

hydrides (1) but also “saddle node bifurcations” giving rise tdhe two-dimensional reduced classical dynamicB &xcreases.

the simultaneous appearance (or disappearance) of stable Hmelprimary periodic orbits, emanating from the normal modes

unstable pairs of periodic orbits, the occurrence of which catay little part in organizing the spectrum, except in the low-

give rise to more complicated energy level splitting patternsst polyads39, 41), but subsequent bifurcation3g, 39 lead to

such as that in Fig. 3. Such saddle node bifurcations have alsmincag sections that show a clear division into local mode, nor:

been found in classical periodic orbit studies on realistic potemal mode, and Fermi resonance region®at 8 (39), which

tial surfaces, 35. The beauty of the full model theory, due taspans the energy range 25 000-27 500 tnAnalysis of the

Xiao and Kellman ), is not only that their possible occurrencevavefunctions confirms that all but 2 of the 47 states infhis 8

is embodied in the much simpler effective Hamiltonian modgbolyad fall into the above three categories. It should be notec

but also that their onset can be predicted in terms of the mdwpwever, that the Fermi resonance is fairly weakPat 8, as

nitudes of the two parameter combinatignsand 8 given by evidenced by the fact that the eigenvalues fall into only slightly

Egs. [16] and [17]. perturbed local mode polyadd(). The situation is, however,
The second part of the paper concerned so called “quantaomplicated atP =16 due to the onset of widespread classi-

monodromy” arising from reorganization of the quantum mesal chaos. Nevertheless a combined phase space analysis of

chanical energy levels at a cylindrically symmetrical saddigavefunctions and Poinaasurfaces can still be used to assign

point, such as the barrier to linearity in® (14) or the barrierto most of the individual eigenstates1).

bond-breaking internal rotation in HCR8), both of which in-  Turning to multi-dimensional aspects of the quantum mon:

volve a transition between two different types of motion—eithexdromy, the qualitative eigenvalue pattern in Fig. 7 is known tc

bent to linear motionX3, 12 in H,O or vibrational to rotational persist for a variety of, progressions with different stretching

motion in HCP 28). The purpose was to demonstrate, first thajuantum numbersl@). However, careful numerical investiga-

every eigenvalue of such systems can be labeled by two {mns (1) and model calculation®8, 42, 43 for HCP indicate

possibly more) sets of quantum numbers, one for each of thaite drastic changes to the classical and quantum dynamics «

possible limiting types of motion, creating a double grid, whichpproaching a saddle point on the potential surface, and simil:

may be of considerable value for the assignment of highly esemplications are anticipated close to and above the barrier

cited quantum states. Moreover the resulting quantum latticelimearity in H,O. Further progress in the application of nonlinear

energy and angular momentum space has a characteristic typdyafamics awaits the development of an effective Hamiltoniar

dislocation at the energy and angular momentum of the barriemdel for the treatment of saddle point effects.

the observation of whichimmediately fixes the energy of the bar-

_rier. _Thg nature of the yibrational _reorganization .alsq has_ clear ACKNOWLEDGMENT

implications for rapid increases in spectroscopic vibrational-

rotational parameters as the energy rises towards the barri@he author acknowledges the assistance of C. D. Cooper in helpful discussio

maximum @8). and invaluable assistance in drawing the diagrams.
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